We present an algorithm that determines in polytime whether a graph contains an even hole. The algorithm is based on a decomposition theorem for even-hole-free graphs obtained in Part I of this paper. We a l s o g i v e a polytime algorithm to nd an even hole in a graph when one exists.
Introduction
In a graph, a cycle is even if it contains an even number of nodes, and odd otherwise. A hole is a chordless cycle with at least four nodes. A graph that contains no even hole is called even-hole-free. (Graph G contains graph H means that H appears in G as an induced subgraph.)
In this part, we present a polytime recognition algorithm for even-hole-free graphs. The algorithm builds on a structural theorem proved in Pa r t I 4 ]. The algorithm is not practical since the degree of the polynomial is high: our main contribution is in showing that this recognition problem is in the complexity class P. Previously, i t w as not even known whether this problem was in NP (it is trivially in co-NP, h o wever). It was known ( Bienstock 1 ] ) that it is NP-complete to recognize whether a graph contains an even hole passing through a speci ed node. On the positive side, Porto 9] solved the even hole recognition problem in linear time for planar graphs and Markossian, Gasparian and Reed 8] s o l v ed it in polytime for diamond-and-cap-free graphs. A diamond is a cycle of length four with a single chord. A cap is a cycle of length greater than four with a single chord that forms a triangle with two edges of the cycle. In 5] we extended this last result to cap-free graphs. Here we g i v e a solution for all graphs.
Our recognition algorithm for even-hole-free graphs can be used to nd an even hole in graph G, if one exists: Let v 1 : : : v n denote the nodes of G and let H = G. In Iteration i, test whether H n v i contains an even hole. If the answer is yes, set H = H n v i and otherwise keep H unchanged. Perform n iterations. At termination, the graph H is the desired even hole. With 2 calls to the recognition algorithm, we can also check in polytime whether, given a graph G and a node v of G, all the even holes of G contain v. B y c o n trast, as stated above 1], given a graph G and a node v of G, it is NP-complete to check whether there exists an even hole that contains v.
Notation
The set of nodes adjacent to a node x is its neighborhood N(x). For H V (G), N(H) denotes the set of nodes in V (G) n H with at least one neighbor in H and N H] denotes N(H) H. A node v 6 2 H is strongly adjacent to H if v has at least two neighbors in H.
A path P is a sequence of distinct nodes x 1 x 2 : : : x n , n 1, such that x i x i+1 is an edge, for all 1 i < n . These edges are called edges of P. N o d e s x 1 and x n are the endnodes and the other nodes are the intermediate nodes of P. Let x i and x l be two nodes of P, where l i. The path x i x i+1 : : : x l is called the x i x l -subpath of P and is denoted by P x i x l . A cycle C is a sequence of nodes x 1 x 2 : : : x n x 1 , n 3, such that the nodes x 1 x 2 : : : x n form a path and x 1 x n is an edge. This edge together with the edges x i x i+1 , 1 i < n , are the edges of C. The node set of a path or a cycle Q is denoted by V (Q). The length of a path or a cycle Q is the number of edges in Q and is denoted by jQj. Odd-Signable Graphs A convenient setting for studying even-hole-free graphs is their signed generalization. We sign a graph by assigning a +1 or ;1 label to each edge. In a signed graph, an edge set is odd if it contains an odd number of edges with a ;1 label. A signed graph is odd-signed if every chordless cycle has an odd edge set. A graph is odd-signable if there exists a signing so that the resulting signed graph is odd-signed. Note that even-hole-free graphs are odd-signable, by assigning a ;1 label to every edge. Lemma 1.1 If one can check in polytime whether a graph G is odd-signable, then one can also check in polytime whether G is even-hole-free.
Before we prove this lemma, we give an algorithm to odd-sign an odd-signable graph.
Let G be a signed graph that is odd-signed. Since cuts and cycles have e v en intersections, the signed graph obtained by switching the signs on all edges of a cut is also odd-signed. The fundamental cuts associated with a spanning forest F have the property that each edge of F belongs to exactly one of the cuts. Thus, Remark 1.2 If a graph G has an odd-signing, then it has one where the labels on the edges of a spanning forest are arbitrarily chosen.
An ordering e 1 : : : e n of the edges of a graph G is consistent if the rst edges in the sequence belong to a spanning forest F and the remaining edges e j have the property that e j , together with edges having smaller indices, closes a chordless cycle C j of G. Note that a consistent ordering can be found as follows: for j > jFj, c hoose e j so that, in the graph (V (G) fe 1 : : : e j;1 g), the path connecting the endnodes of e j is shortest possible. Signing Algorithm Let e 1 : : : e n be a c onsistent ordering of the edges of G. Sign the edges of F arbitrarily and, for j > jFj, sign e j so that the the chordless cycle C j h a s a n o dd edge set.
The above algorithm shows that, if G is odd-signable, then any g i v en labeling of a spanning forest of G can be uniquely extended to an odd-signing of G.
Proof of Lemma 1.1: If G is not odd-signable then G has an even hole (otherwise label all edges ;1 t o g e t a c o n tradiction). If G is odd-signable, apply the signing algorithm to G with the edges of a spanning forest F labeled ;1. If the algorithm labels all remaining edges of G with ;1, then G is even-hole-free and otherwise it is not. This follows from the fact that an odd-signing of an even-hole-free graph is obtained by labeling all edges ;1 and the signing of an odd-signable graph is unique up to the (arbitrary) labeling of F. 2
Odd-signable graphs were introduced in 5]. There, we obtain the following characterization of this class in terms of excluded induced subgraphs. This characterization follows simply from a result of Truemper 10] o n -balanced graphs.
A wheel (H x) is a graph induced by a h o l e H and a node x = 2 V (H) h a ving at least three neighbors in H, s a y x 1 : : : x n . A subpath of H connecting x i and x j is a sector if it contains no intermediate node x l , 1 l n. A short sector is a sector of length 1, and a long sector is a sector of length at least 2. A wheel is even if it contains an even number of sectors. Using Remark 1.2, it is easy to see that an even wheel is not odd-signable. Indeed, the edges xx j can be (arbitrarily) labeled ;1. Then each sector has an odd edge set (since it closes a chordless cycle with node x). But then chordless cycle H has an even edge set. So, an odd-signable graph contains no even wheel.
A 3 PC (x y) is a graph induced by three chordless paths from node x to y, h a ving no common or adjacent i n termediate nodes. Note that x and y are not adjacent.
A 3 PC (x 1 x 2 x 3 y 1 y 2 y 3 ), is a graph induced by three chordless paths, P 1 = x 1 : : : y 1 , P 2 = x 2 : : : y 2 and P 3 = x 3 : : : y 3 , h a ving no common nodes and such that the only adjacencies between nodes of distinct paths are the edges of the two cliques of size three induced by the disjoint node sets fx 1 x 2 x 3 g and fy 1 y 2 y 3 g.
A 3 PC (x 1 x 2 x 3 y ) is a graph induced by three chordless paths P 1 = x 1 : : : y , P 2 = x 2 : : : yand P 3 = x 3 : : : y , h a ving no common nodes other than y and such that the only adjacencies between nodes of P i n y and P j n y, f o r i j 2 f 1 2 3g distinct, are the edges of the clique of size three induced by fx 1 x 2 x 3 g.
We s a y that a graph G contains a 3P C (: :) i f i t c o n tains a 3P C (x y) for some pair of nodes x y 2 V (G). We s a y that a graph G contains a 3P C ( ) if for some x 1 x 2 x 3 y 1 y 2 y 3 2 V (G) there exists a 3PC (x 1 x 2 x 3 y 1 y 2 y 3 ). Similarly we s a y that it contains a 3P C ( : ) i f i t contains a 3P C (x 1 x 2 x 3 y ) for some x 1 x 2 x 3 y2 V (G).
As we did for even wheels, it is easy to show that an odd-signable graph cannot contain a 3 PC (: :) nor a 3P C ( ). The converse is also true. Theorem 1.3 A g r aph is odd-signable if and only if it does not contain an even wheel, a 3PC (: :) nor a 3P C ( ).
Cutsets
For S V (G), we d e n o t e b y G n S the subgraph obtained from G by r e m o ving the nodes of S and all the edges with at least one node in S. In a connected graph G, S is a cutset if G n S is disconnected. We s a y that an induced subgraph H of G is broken by a cutset S if there are nodes of H in di erent components of G n S. A cutset S is a m-star if it is comprised of a clique C of size m and a subset of its neighbors. We refer to C as the clique center of S. W e also refer to a 1-star as a star, to a 2-star as a double star and to a 3-star as a triple star. I f S is comprised of a clique C and all of its neighbors, it is called a full m-star.
A connected graph G has a 2-join V 1 jV 2 , with special sets (A 1 A 2 B 1 B 2 ), if its nodes can be partitioned into sets V 1 and V 2 in such a w ay that, for i = 1 2, V i contains disjoint, nonempty n o d e s e t s A i and B i , s u c h that every node of A 1 is adjacent t o e v ery node of A 2 , every node of B 1 is adjacent t o e v ery node of B 2 , and there are no other adjacencies between V 1 and V 2 . Also for i = 1 2 jV i j > 2 and if A i and B i are both of cardinality 1, then the graph induced by V i is not a chordless path.
Star cutsets were introduced by C h v atal 2] and 2-joins by C o r n u ejols and Cunningham 7] . In 6] a n d 3 ], 2-joins, star and double star cutsets were used to construct recognition algorithms for balanced 0 1 matrices and balanced 0 1 matrices.
Basic Graphs
We use two classes of elementary graphs in our decomposition theorem 4]. The rst is the class of cap-free even-hole-free graphs studied in 5] and shown to be recognizable in polynomial time. The second class was introduced in Part I 4] and we call them basic graphs.
Given a graph G, i t s line graph has node set E(G) and edge set A, where a = e 1 e 2 The nodes of L that belong to exactly one maximal clique are called leaf nodes. A maximal clique of L is big if it has cardinality at least three. Remark 1.6 In the graph obtained f r om L by removing all edges in big cliques, the connected components are chordless paths (possibly of length 0). Such a path P is an internal segment if it has its endnodes in distinct big cliques, or P is of length 0 and the node of P belongs to two big cliques. The other paths P are c alled leaf segments. Note that one of the endnodes of a leaf segment is a leaf node.
A trivial basic graph is a 3P C ( : ). A non-trivial basic graph R contains two adjacent n o d e s x y which are called special, and satis es the following:
The graph L induced by R n f x yg, is the line graph of a tree that has at least 2 nodes of degree greater than 2.
In R, e a c h l e a f n o d e o f L is adjacent to exactly one of the two n o d e s x y. Let P be a connected component in the graph obtained from L by r e m o ving the edges in big cliques. If P is an internal segment o f L, then P is also called an internal segment of R. I f P is a leaf segment o f L, l e t v be its leaf node and z 2 f x yg such that vz is an edge of R. Then the path induced by V (P) z is called a leaf segment of R. No two leaf segments with a common endnode in fx yg have their other endnodes in the same big clique. Theorem 1.7 A b asic graph is odd-signable.
Proof: We g i v e a constructive proof by exhibiting a signing. In a basic graph, the triangles have their three nodes in the same big clique and the holes go through one or both of the special nodes. Let G be a basic graph with special nodes x and y. L e t L be the graph induced by V (G) n f x yg. Label ;1 all edges of L that are in big cliques and +1 all the other edges of L. Clearly, all the triangles of G are properly signed. Let u be an arbitrary leaf node of L and mark it {. If v 6 = u is a leaf node of L, mark it { if the unique path in L connecting u and v goes through an odd number of big cliques and + if it goes through an even number of big cliques. Observe that any t wo l e a f n o d e s v and w are marked with the same sign if and only if the unique path of L connecting them goes through an odd number of big cliques. Now l a b e l ;1 the edges of G from x or y to the leaf nodes marked {, and label +1 the edge xy and the edges of G from x or y to the leaf nodes marked +. By the above observation, the holes of G are properly signed. 2 
Decomposition Theorem
The following theorem is the main result proved in 4]. Theorem 1.8 Let G be a n o dd-signable graph that does not contain a 4-hole. Then G is cap-free o r b asic or contains a 2-join or a k-star cutset, k = 1 2 3.
How can this theorem be used in a recognition algorithm for even-hole-free graphs? First, note that we can check for 4-holes in polytime. Thus assume now that we are dealing with 4-hole-free graphs. Checking whether a graph is cap-free can be done in polytime, and checking whether a cap-free graph is odd-signable can be done in polytime 5]. This, together with the signing algorithm given above, yields a polytime algorithm to check whether a cap-free graph is even-hole-free. Checking whether a graph is basic can be done in polytime as follows:
for every edge xy in G, remove nodes x and y and check if the graph so obtained is the line graph of a tree. If such an edge xy is found, then check the additional conditions that need to be satis ed for a basic graph. Basic graphs are odd-signable (as we proved above i n Theorem 1.7). So, there exists a polytime algorithm to check whether a basic graph is evenhole-free (again using the signing algorithm). What happens if G is neither basic nor cap-free, contains a 2-join but no k-star cutset, k = 1 2 3? In Section 2, we s h o w h o w to construct two proper subgraphs G 1 and G 2 from G with the property that G is even-hole-free if and only if G 1 and G 2 are even-hole-free. Furthermore, G 1 and G 2 do not have k-star cutsets, k = 1 2 3, and, if the 2-join decomposition is applied recursively, only a linear number of subgraphs are created overall. This yields a polytime algorithm for checking whether a graph without k-star cutset, k = 1 2 3, contains an even hole. The last and most di cult part deals with graphs that contain a k-star cutset, for k = 1 2 o r 3 .
De nition 1.9 Let S be a n o de cutset in a graph G and C 1 : : : C n the connected c omponents of G n S. We de ne the blocks of the decomposition to be g r aphs G 1 : : : G n , where G i is the subgraph of G induced b y V (C i ) S.
Unfortunately, with this de nition of blocks, decomposition by a star, double star or triple star cutset is not even-hole-preserving. Consider, for example, an even wheel (H x) in which all sectors have odd length greater than 1. If we decompose (H x) b y a star cutset N x], then all the blocks are even-hole-free, but the graph original (H x) contains the even hole H.
We are not able to construct blocks so that the k-star cutset decompositions are even-holepreserving, even in the case where k = 1. Instead what we do in our recognition algorithm for even-hole-free graphs, is to rst apply a certain cleaning procedure to the input graph G. This procedure transforms G into a polynomial family of subgraphs of G with the property that if G contains an even hole then some graph in the family contains an even hole that will either not be broken by k-star cutset decomposition or will be detected while performing the decomposition. The decomposition of clean graphs is presented in Section 3. The cleaning procedure itself is given in Section 4.
Another issue that arises with k-star cutset decompositions is their recognition: we d o not know a polytime algorithm for nding a k-star cutset, for k = 1 2 3. On the other hand, nding a full k-star cutset for xed k can be done in polytime by simply trying all possible clique centers of cardinality k. F or this reason, in our recognition algorithm, we will actually use the following re nement of Theorem 1.8.
De nition 1.10 A gem is a graph on ve nodes, such that four of the nodes induce a chordless path of length three and the fth node is adjacent to all of the nodes of this path.
De nition 1.11 Let u and v be adjacent nodes. We say that u is dominated by v, i f N(u) N(v) f vg. Theorem 1.12 Let G be a n o dd-signable graph that does not contain a 4-hole, a gem nor any dominated n o des. Then G is cap-free o r b asic or contains a 2-join or a full k-star cutset, k = 1 2 3. 2 Lemma 1.14 Assume G contains no dominated n o des, no gem and no 4-hole. If G contains a k-star cutset, k = 1 2 3, t h e n G contains a full k-star cutset.
Proof: Let C be the clique cent e r o f a k-star cutset S of G, w h e r e k = 1 2 3. Suppose S 0 = C N(C) is not a cutset of G. Then some component o f G n S, s a y C 1 , m ust be entirely contained in S 0 n S. Then u 2 C 1 satis es the conditions of Lemma 1.13 and is dominated by a n o d e i n C, c o n tradicting the assumption.
2 Dominated nodes can be identi ed in polytime and we will show in Section 3 that, in clean graphs, their removal is even-hole-preserving. In Section 3, we also show that, when G has a gem, there is a rather simple decomposition result. So Theorem 1.12 provides the basis for our recognition algorithm of even-hole-free graphs. The outline of the algorithm is as follows: check for 4-holes (to be able to use Theorem 1.12) and a few other graphs that contain even holes and that can be identi ed in polytime (to simplify the analysis, later), then clean G, decompose by full k-star cutsets, k = 1 2 3, then by 2-joins, and nally check that all the blocks are either basic or cap-free, and contain no even holes.
De nition 1.15 A w h e el (H x) is a short 4-wheel if it contains four sectors and one of the following holds: the wheel has three short sectors, or it has two nonadjacent short sectors and a s e ctor of length three.
De nition 1.16 A 3P C (x y) is short if one path has length 2 and one has length 3. A
3PC (
) is short if one path has length one and one has length two. A short 3PC is either a short 3PC (: :) or a short 3P C ( ).
RECOGNITION ALGORITHM FOR EVEN-HOLE-FREE GRAPHS
Input: A graph G. Output: YES if G is even-hole-free, and NO otherwise.
Step 1: If G contains a 4-hole, a 6-hole, a short 4-wheel or a short 3PC , output NO.
Step 2: Apply the Cleaning Algorithm of Section 4 to G and let L 1 be the output family of graphs (so, if G h a s a n e v en hole, then some graph in L 1 has an even hole and is clean).
Step 3 Step 4 Step 7: For each L 2 L 5 , c heck whether L cont a i n s a n e v en hole. If some L 2 L 5 contains an even hole, output NO. Otherwise, output YES.
The Cleaning Algorithm, the Node Cutset Decomposition Algorithm and the 2-Join Decomposition Algorithm will be shown to be polynomial in the next three sections. Steps 6 a n d 7 c heck capfree and basic graphs. This can be performed in polytime, as pointed out already. So, the above recognition algorithm can be implemented to run in polynomial time.
In the next three sections, we will show that the following statements are equivalent.
(i) G is even-hole-free, (ii) all the graphs in L 1 are even-hole-free, (iii) all the graphs in L 2 are even-hole-free, (iv) all the graphs in L 3 are even-hole-free. We will also show that the graphs in L 3 do not contain a 4-hole, a dominated node, a gem, a full k-star cutset, k = 1 2 3 nor a 2-join. So, by Theorem 1.12, if G is even-hole-free, all the graphs in L 3 must be either cap-free and even-hole-free, or basic and even-hole-free.
The algorithm checks this in Steps 6 and 7. This estabishes the validity of the algorithm (subject to being able to perform Steps 2, 3 and 4 as claimed).
2-Join Decompositions
In this section, we assume that G does not contain a 4-hole, a dominated node, a gem nor a full k-star cutset, k = 1 2 3. So, by Lemma 1.14, G contains no k-star cutset.
Let V 1 jV 2 be a 2-join with special sets (A 1 A 2 B 1 B 2 ). For i = 1 2, let P i be the family of chordless paths P = x 1 : : : x n where x 1 2 A i , x n 2 B i and x j 2 V i n(A i B i ), 2 j n;1. Lemma 2.1 The sets P i are nonempty and contain no path of length 1, for i = 1 2.
Proof: Let u 2 A 1 and v 2 B 1 .
First, suppose that there is no path in V 1 from A 1 to B 1 . Then, since jV 1 j > 2, either fug A 2 or fvg B 2 is a star cutset. Hence P 1 6 = . Similarly, P 2 6 = .
Now, if uv is an edge, then no node of A 2 can be adjacent t o a n o d e o f B 2 (since G is 4-hole-free). As P 2 6 = , it follows that V 2 n (A 2 B 2 ) 6 = . But then fu vg A 2 B 2 would be a double star cutset.
2
The blocks of a 2-join decomposition are graphs G 1 and G 2 de ned as follows. Block G 1 consists of the subgraph of G induced by n o d e s e t V 1 plus a marker path P 2 = a 2 : : : b 2 that is chordless and satis es the following properties. Node a 2 is adjacent to all the nodes in A 1 , node b 2 is adjacent to all the nodes in B 1 and these are the only adjacencies between P 2 and the nodes of V 1 . F urthermore, let Q 2 P 2 . The marker path P 2 has length 4 if Q has even length, and length 5 otherwise. Block G 2 is de ned similarly. Theorem 2.2 Let G 1 and G 2 be the blocks of a 2-join decomposition of G. Then, G is even-hole-free if and only if G 1 and G 2 are even-hole-free.
Proof: First assume that G 1 or G 2 h a s a n e v en hole, say G 1 does. Replacing in G 1 the marker path P 2 by a p a t h Q 2 P 2 of the same parity yields a graph G 0 1 that contains an even hole. Since G 0 1 is a subgraph of G, this hole is also an even hole of G.
Conversely, suppose that G contains an even hole. If P 1 (resp. P 2 ) has paths of di erent parities then, clearly, G 2 (resp. G 1 ) has an even hole. If all the paths of P 1 P 2 have the same parity, then both G 1 and G 2 have e v en holes. So, we m a y assume that all the paths of P 1 are odd and all the paths of P 2 are even. But then each e v en hole H of G must be contained in V 1 A 2 B 2 or V 2 A 1 B 1 . Hence H belongs either to G 1 or G 2 .
2 Lemma 2.3 If G does not contain a full k-star cutset, k = 1 2 3, then neither do the blocks of a 2-join decomposition of G.
Proof: Let G 1 and G 2 be the blocks of a 2-join decomposition of G and suppose that one of them, say G 1 , contains a full k-star cutset S, k = 1 2 3. We will obtain a contradiction by showing that this implies that G also contains a full k-star cutset. We consider the following three cases.
Case 1: S = N x]
If x is not a node of the marker path P 2 , then S is also a cutset in G. First assume that x coincides with a 2 or b 2 , s a y x = a 2 . Since P 2 is not an edge, the nodes of B 1 are all contained in the same component o f G 1 nS. Let u be a node of G 1 nS that is not in the same component a s B 1 . But then N(a) f ag, w h e r e a 2 A 2 , is a full star cutset in G breaking u from B 1 . N o w assume that x is an intermediate node of P 2 . Note that by the de nition of a 2-join, the graph induced by the node set V 1 f a 2 b 2 g is connected. Hence x is adjacent to a 2 or b 2 , s a y a 2 . Let u 2 A 1 and v 2 B 1 be the endnodes of a path in P 1 . Since P 2 is of length greater than 2, the nodes of B 1 f ug are all contained in the same component o f G 1 n S. L e t y b e a n o d e o f G 1 nS that is not in the same component a s B 1 . Then N(u) f ug is a full star cutset in G breaking y from v.
Case 2: S = N(x) N(y) If P 2 contains neither x nor y, then S is also a cutset in G. I f P 2 contains both x and y, then since P 2 is of length greater than 3, either N(x) f xg or N(y) f yg is a full star cutset in G 1 , and we are done by Case 1. So assume w.l.o.g. that x = a 2 and y 2 A 1 . L e t u be a node of A 2 that has a neighbor in V 2 n A 2 . Then N(u) N(y) is a full double star cutset in G.
Case 3: S = N(x) N(y) N(z)
If P 2 does not contain a node in fx y zg, then S is also a cutset in G. So w.l.o.g. assume that x = a 2 and y z2 A 1 . But then N(x) N(y) is a full double star cutset in G.
2
We n o w present an algorithm that decomposes a graph using 2-joins. By Remarks 2.4 and 2.5, one can see that every step of the following algorithm can be implemented to run in polynomial time.
2-JOIN DECOMPOSITION ALGORITHM
Input: A graph G that does not contain a 4-hole, a gem, a full k-star cutset, k = 1 2 3 nor any dominated nodes.
Output: A list L of graphs, with the following properties:
The graphs in L do not contain a 4-hole, a gem, a full k-star cutset, k = 1 2 3 a 2-join nor any dominated nodes.
G is even-hole-free if and only if all the graphs in L are even-hole-free.
Step 1: Let L 0 = fGg and L = .
Step Otherwise, go to Step 3.
Step 5: Construct the blocks of the 2-join decomposition, add them to L 0 a n d g o t o S t e p 2 . De nition 3.1 Let H be a n e v e n h o l e a n d u 2 V (G) n V (H). We say that u is good w.r. This lemma, together with the de nition of C G (H ), implies the following. Corollary 3.11 Suppose C is a clique and C S N C] is a cutset breaking all the holes of C G (H ). Then, for each H 2 C G (H ), the tents w.r.t. H are disjoint from C.
In the decomposition algorithm, we will treat the decomposition of gems in a special way. Let us consider this case rst.
Lemma 3.12 Let G be a n o dd-signable graph and fx y 0 y z z 0 g a n o de set that induces a gem, such that y 0 y z z 0 is a chordless path. Then S = ( N(x) N(y) N(z)) n f y 0 z 0 g is a triple star cutset breaking y 0 from z 0 .
Proof: Suppose not. Then, in GnS, l e t P be a chordless path connecting y 0 to z 0 . The nodes of P together with y and z induce a hole H. Lemma 3.14 Let fx y 0 y z z 0 g be a n o de set that induces a gem, such that y 0 y z z 0 is a chordless path. Let S = N(x) N(y) N(z) n f y 0 z 0 g and C 1 (resp. C 2 ) b e t h e c onnected component of G n S that contains y 0 (resp. z 0 ). If jC 1 j = 1 (resp. jC 2 j = 1 ), then G n f y 0 g (resp. G n f z 0 g) c ontains a hole in C G (H ). Proof: Suppose that jC 1 j = 1 . I f H does not contain y 0 then we are done, so suppose it does. Let H = y 0 h 1 : : : h n y 0 . Then since N(y 0 ) S, h 1 h n 2 S. Case 1: h 1 or h n is in fx yg.
W.l.o.g. assume that h 1 2 f x yg. Assume h 1 = x. Since H is a hole, h n does not coincide with y and it cannot be a neighbor of x. S i n c e h n 2 S, i t m ust be a neighbor of y or z. I f h n is a neighbor of z then y 0 x z h n y 0 is a 4-hole. Hence h n is a neighbor of y. B u t then y is of Type g3 w.r.t. H and so the hole induced by the node set (V (H ) n f y 0 g) f yg is in C G (H ) a n d i n G n f y 0 g. When h 1 = y, the same argument holds by i n terchanging the roles of x and y.
Case 2: h 1 h n 2 S n f x y zg Assume rst that one of the nodes x or y, i s a d j a c e n t t o b o t h n o d e s h 1 and h n . Assume w.l.o.g. that x is adjacent t o b o t h h 1 and h n . Then x is of Type g3 w.r.t. H and the hole induced by the node set (V (H ) n f y 0 g) f xg is in C G (H ) a n d i n G n f y 0 g. If x is adjacent t o h 1 but not to h n , and y is adjacent t o h n but not to h 1 , then since the node set V (H ) f x yg cannot induce a short 4-wheel, x or y must have a n e i g h bor in V (H ) n f y 0 h 1 h n g. W.l.o.g. assume that x has a neighbor in V (H ) n f y 0 h 1 h n g. Since H is clean, x is adjacent t o h 2 . Since the hole induced by ( V (H ) n f h 1 g) f xg is clean, nodes h 3 : : : h n;1 are not adjacent t o y or x. But then the hole induced by the node set (V (H ) n f y 0 h 1 g) f x yg is in C G (H ) and in G n f y 0 g.
So we m a y assume that one of h 1 or h n is adjacent t o z. Assume w.l.o.g. that h n is adjacent t o z. Then y is adjacent t o h n , since otherwise y 0 y z h n y 0 is a 4-hole. Also x is adjacent t o h n , since otherwise y 0 x z h n y 0 is a 4-hole. Node z cannot be adjacent t o h 1 , since H is clean and of length greater than 4. Hence h 1 is adjacent to either x or y. B u t then one of x or y is adjacent t o b o t h h 1 and h n , which is not possible. 2
The above result will be all we need when G contains a gem. So, for the next result, we will assume that G contains no gem.
De nition 3.15 A 3P C (x y), w i t h p aths P 1 , P 2 and P 3 , i s decomposition detectable w.r.t. the node cutset S if one of the following holds:
(i) P 1 is of length 2 or 3, V (P 1 ) S and the intermediate nodes of P 2 and P 3 are i n t w o di erent components of G n S. (ii) P 1 is of length 3, V (P 1 ) S and there a r e t h r ee distinct components of G n S, C 1 , C 2 and C 3 , such that for some z 2 S n f x yg, the intermediate nodes of P 2 are c ontained in V (C 1 ) V (C 2 ) f zg and the intermediate nodes of P 3 are c ontained i n V (C 3 ). A 3PC (x 1 x 2 x 3 y 1 y 2 y 3 ), with the three p aths P 1 , P 2 and P 3 , i s decomposition detectable w.r.t. the node cutset S if fx 1 x 2 x 3 y 1 y 2 y 3 g S, P 1 is an edge and the intermediate nodes of P 2 and P 3 are c ontained in two di erent components of G n S.
A decomposition detectable 3PC is either a decomposition detectable 3PC (: :) or a decomposition detectable 3P C ( ).
In order to show that we end up with a polynomial number of pieces when we decompose a graph using our node cutsets, we need to re ne the blocks. Let S be a k-star cutset, k = 1 2 3, with clique center C. Let C 1 : : : C n be the connected components of G n S and G 1 : : : G n the blocks of the decomposition. We de ne the re ned b l o cks G 0 1 : : : G 0 n as follows: for i = 1 : : : n , remove f r o m G i all nodes of S n C that do not have a neighbor in C i . Theorem 3.16 Suppose that G contains no 4-hole, no short 3P C , no gem and C G (H ) is clean. When decomposing G w i t h a f u l l k-star cutset S = N C], k = 1 2 3 then either some hole in C G (H ) is entirely contained i n o n e o f t h e r e ned b l o cks of the decomposition or there exists a decomposition detectable 3P Cw.r.t. S.
Proof: Consider the following two cases.
Case 1: All the holes of C G (H ) are broken by S.
Then, by Lemma 3.10, for each H 2 C G (H ), V (H) \ C = . F urthermore, by Corollary 3.11, no node of C is of Type g3. Let C = fv 1 : : : v c g, where c = jCj. Denote by P 1 : : : P k the connected components of G(V (H) \ S). As H is broken by S, k 2. On the other hand, as H is clean, each n o d e o f C is adjacent to at most one path P 1 : : : P k . Hence 2 k c 3.
Then we m a y assume that V (P i If the input graph G contains an even hole and is clean, with family C G (H ) o f c l e a n smallest even holes, then one of the graphs in the list contains a hole in C G (H ).
Step 1: Initialize M = fGg, L = .
Step 2: If M is empty, return L and stop. Otherwise, remove a graph F from M. I f F has no chordless path of length 4, go to Step 2. Otherwise, remove all dominated nodes from F a n d g o t o S t e p 3 .
Step 3: If F contains a gem fx y 0 y z z 0 g, such that y 0 y z z 0 is a chordless path, go to Step 5: Check whether there exists a decomposition detectable 3P C (: :) o r 3 PC ( ) w.r.t. S. I f y es, go to Step 6. Otherwise, construct the re ned blocks of decomposition by S, add them to M and go to Step 2.
Step 6: Return that G is not even-hole-free and stop.
Lemma 3.17 The Node Cutset Decomposition Algorithm produces the desired output.
Proof: First suppose that the algorithm terminates in Step 6. Then by Theorem 1.3 and Lemma 3.12, the algorithm correctly identi es G as not being even-hole-free. Now suppose that the algorithm outputs the list L, i.e. the algorithm does not terminate in Step 6. Then clearly, b y Steps 2 and 3, the graphs in L do not contain any dominated node, gem or full k-star cutset, k = 1 2 3. Now further assume that the input graph G contains an even hole and is clean, with family C G (H ) of clean smallest even holes. We w ant t o s h o w that some graph in list L contains a hole in C G (H ).
Let F be a graph taken o list M in Step 2. It is enough to show that if F contains a hole in C G (H ) then at least one of the graphs that gets put on list M or L in Steps 3, 4 and 5 also contains a hole in C G (H ). This follows from Lemma 3.9, Lemma 3.14 and Theorem 3.16. 2 Lemma 3.18 The number of induced subgraphs in list L produced by the Node Cutset Decomposition Algorithm is bounded b y jV (G)j 5 . Proof: Let F be a graph taken o list M in Step 2. Suppose that F is decomposed in Step 5 b y a full k-star cutset S, k = 1 2 3. Let C 1 : : : C n be the connected components of F n S and let F 1 : : : F n be the re ned blocks of decomposition by S. L e t C be the clique center of S.
Claim: No two of the graphs F 1 : : : F n contain the same chordless path of length 4.
Proof of Claim: Let P be a chordless path of length 4 and suppose that P appears in F 1 and F 2 . Then V (P) V ( Figure 2) . Otherwise, we call v a T ype b 4 n o de w.r.t. H.
Suppose H is a smallest even hole in G and v 1 and v 2 are two nonadjacent bad nodes w.r.t. H. Consider the following three types of subpaths of H. e-path We call a subpath Q i of H an edge-path (or e-path) if one of its endnodes is adjacent to v 1 , the other is adjacent t o v 2 , at most one endnode is adjacent t o b o t h v 1 v 2 , a n d no intermediate node of Q i is adjacent t o v 1 or v 2 . n-path We call a subpath P i of H a node-path (or n-path) if it is a maximal path with the following property: the endnodes of P i are adjacent t o v 1 and no node of P i is adjacent to v 2 , or the endnodes of P i are adjacent t o v 2 and no node of P i is adjacent t o v 1 . Note that an n-path can have length 0. We construct the graph H 0 from H de ned as follows: Contract each e-path Q i to a single edge q i . Contract each n-path P i of H to a single node p i . If H has a z-path P 0 , c o n tract it to a single node p 0 called the z-node of H 0 .
Since H has at least one node adjacent t o v 1 but not v 2 and another adjacent t o v 2 but not v 1 , the graph H 0 has at least two nodes distinct from the z-node. Moreover, if H 0 has no z-node, the fact that H is a smallest even hole implies that H 0 has at least four nodes.
We call an edge or a node of H 0 even (odd) if the corresponding path of H has even (odd) number of edges. We c a l l a n e d g e o r a n o d e o f H 0 real if the corresponding path of H is an edge or a node respectively. Note that real edges are odd and real nodes are even. H in G then, for some G 00 2 L containing H, the family C G 00 (H) is clean.
Step 1: Set L = fGg.
Step 2: For every (P 1 P 2 u ), where P 1 = x 0 x 1 x 2 x 3 and P 2 = y 0 y 1 y 2 y 3 are disjoint chordless paths in G and u 2 N(x 1 ) \ N(y 1 ), add to L the graphs obtained from G by removing the node set N(fx 1 x 2 y 1 y 2 u g) n (V (P 1 ) V (P 2 )). Theorem 4.9 Procedure BAD produces the desired output.
Proof: Let u be a Type bi node w.r.t. H, where i 3. Take P 1 = x 0 x 1 x 2 x 3 and P 2 = y 0 y 1 y 2 y 3 to be disjoint subgraphs of H such that N(u)\fx 1 x 2 y 1 y 2 g has maximum cardinality. Denote by G 0 the graph Gn(N(fx 1 x 2 y 1 y 2 u g)n(V (P 1 ) V (P 2 ))). Then G 0 2 L and H G 0 .
Claim: In G, n o de u is a Type b i node w.r.t. all the holes in C G 0 (H).
Proof of Claim: Indeed, in G 0 , the nodes x 1 x 2 y 1 and y 2 have degree 2. Since they belong to H, they also belong to all the holes in C G 0 (H). It follows that P 1 Step 2: For every chordless path P = w 0 w 1 w 2 w 3 w 4 in G, add to L the graph obtained from G by r e m o ving the node set ( S 3 i=1 N(w i )) n V (P).
Step 3a: For every chordless path P = w 0 w 1 w 2 in G and v 1 Proof of Claim 1: Let xy be a special tent w.r.t. H , w i t h i n termediate paths P 1 and P 2 , where P 1 is of length 2, and let H be the hole induced by the node set V (P 2 ) fx yg. W.l.o.g. assume that x is of Type g2 w.r.t. H , with neighbors x 1 and x 2 in H , and node y has a unique neighbor y 1 in H . Let p 1 be the intermediate node of P 1 , and w.l.o.g. let x 2 and y 1 be the endnodes of P 1 . W e will show that the strongly adjacent nodes to H are of Type g2 or g3.
Suppose not and let u be a strongly adjacent n o d e t o H that is not of Type g2 or g3. Then u must have at least one neighbor in P 2 . Let u 1 be the neighbor of u in P 2 that is closest to x 1 , and let P 0 be the x 1 u 1 -subpath of P 2 . Since H is clean, u is either not strongly adjacent t o H or is of Type g2 or g3 w.r.t. H . Also u must be adjacent to a node in fx yg, so we h a ve the following three cases to consider.
Case 1: Node u is adjacent to both x and y.
First assume that u is adjacent t o y 1 . Then u must have at least two neighbors in P 2 , since otherwise u is of Type g3 w.r.t. H. I f u has two neighbors in P 2 then u 1 is adjacent t o y 1 and (H u) is a short 4-wheel. If u has three neighbors in P 2 t h e n i t i s o f T ype g3 w.r.t. H and the hole induced by the node set V (P 0 ) f x ug is even of length smaller than H , contradicting our choice of H . Hence u is not adjacent t o y 1 . By a similar argument u is not adjacent t o x 1 either. Since u must have a neighbor in P 2 and since it is either not strongly adjacent t o H or it is of Ty p e g 2 o r g 3 w . r . t . H , this implies that u does not have a n y neighbors in P 1 . N o d e u 1 is not adjacent t o y 1 , since otherwise u y y 1 u 1 uis a 4-hole. Let H 0 be the hole induced by the node set V (P 0 ) V (P 1 ) f y ug. But now ( H 0 x ) is a short 4-wheel.
Case 2: Node u is adjacent t o x but not to y.
Node u is not adjacent t o y 1 , since otherwise u x y y 1 u is a 4-hole. If u is adjacent t o x 1 then u is of Type g3 w.r.t. H , with all neighbors in P 2 . But then (H u) is a short 4-wheel. Hence u is not adjacent t o x 1 nor y 1 , which implies that it cannot have a n y neighbors in P 1 . But now there is a short 3PC(x y 1 ), where two of the paths are x P 1 y 1 and x y y 1 and the third path passes through u.
Case 3: Node u is adjacent t o y but not to x.
Node u is not adjacent t o x 1 , since otherwise u y x x 1 u is a 4-hole. If u is adjacent t o y 1 then u is of Type g3 w.r.t. H , with all neighbors in P 2 . But then (H u) is a short 4-wheel. Hence u is not adjacent t o x 1 nor y 1 , which implies that it cannot have a n y neighbors in P 1 . Since H is clean, either uy is a special tent w.r.t. H or u has a unique neighbor in H . I f uy is a special tent w.r.t. H , then the hole induced by the node set V (P 0 ) f x y ug is even of length smaller than H , contradicting our choice of H . I f u has a unique neighbor in H then u is of Type b1 w.r.t. H, c o n tradicting the assumption that C G (H ) i s T ype b1 node free.
Claim 2: If H is a clean smallest even hole, then any hole obtained from H through one Type g3 node substitution is also clean.
Proof of Claim 2: Let x b e a T ype g3 node w.r.t. H , w i t h n e i g h bors x 1 , x 2 and x 3 in H . Assume that x 2 is the middle neighbor of x in H and let H be the hole obtained from H by substituting x for x 2 . W e w i l l s h o w that the strongly adjacent n o d e s t o H are of Type g2 or g3. Let u be a strongly adjacent n o d e t o H. W e consider the following two cases. Step 2: Apply Procedure BAD to G and let L 0 be the resulting output family.
Step 3: Apply Procedure BAD to each graph in L 0 and union the output with L.
Step 4: Apply Procedure b4 to each of the graphs in L 0 and union the output with L.
If G contains an even hole then, after Step 2, L 0 contain a graph G 0 with a smallest even hole H such that C G 0 (H) i s T ype b2 node free. Now, if H has a Ty p e b 1 o r b 3 n o d e i n G 0 , we get the desired output in L after Step 3 and otherwise we get it after Step 4. So the Cleaning Algorithm produces the desired output. The size of the output can be estimated to be O(n 25 ).
